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Energy density in the electrostatic
field




To determine the energy present in an assembly of charges, we must firt determing the
amount, of work necessary to assemble them, Suppose we wish to position three point
charges 0, 0y, and 0, in aninitially erpty space shown shaded in Figure 4.22. No work
s required o transfer ), from infinity o P, because the space s initally charge fre¢ and
there is 1o electric field [from eq, (4.39), W = 0], The work done in transferring ¢, from
infinity o P i equal to the productof () and the potential Vs at P dueto (). Simulely
the work done in positioning 0 at Py is equal to y(Vy + V), where Vy and Vs are the
potentials a Py due to 0, and ), respectively. Hence the total work done in positioning
the three charges is




Wh": W|+WI+ W3

4.84
=0+ 0oV + Qy(V3y + V) (484)

If the charges were positioned in reverse order,
WE=W3+WE+W] {455}

=0+ 0hVo + Oy(Via + Vi3)

where V., is the potential at P, due to (s, V}, and Vi, are, respectively, the potentials at P,
due to (0 and Q5. Adding eqs. (4.84) and (4.85) gives

2Wg = Q(Vip + Via) + 0a(Vyy + Vig) + Qs(V3y + Vi)
=0V, + ,V, + 05V,




1
\ Wg = E{lel + Vs + 0:V3) (4.86)

where V,, V,, and V; are total potentials at P,, P,, and P, respectively. In general, if there
are n point charges, eq. (4.86) becomes

1 n
We =3 ;}1 IAA (in joules) (4.87)
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I, instead of point charges, the region has a continuous charge distribution, he sum:
mation in eq. (4.87) becomes Integration; that 1s,

= \
e

W, = % ( oVl (line charge) (4.88)
Wy = % ( oV (surface charge) (4.89)
W, = % [ o, Vv (volume charge) (49




Since p, = V- D, eq. (4.90) can be further developed to yield

WEZ%J(?*D)V@ (4.91)

¥

But for any vector A and scalar V, the identity
V-VA=A- W+ WV A)
or
(V-AWV=V-VA-A-WV (4.92)

holds. Applying the identity in egs. (4.92) to (4.91), we get

W, = 5 J (V-VD)dv - % J (D VV)dv (4.93)




By applying divergence theorem to the first term on the right-hand side of this equation, we
have "

Wgzéff;{mj*ds—%J.{D+?V)dv (4.94)
5 v

From Section 4.9, we recall that V varies as 1/r and D as 1/¢ for point charges; V varies
as 1/7* and D as 1/ for dipoles; and so on. Hence, VD in the first term on the right-hand
side of eq. (4.94) must vary at least as 1/r° while dS varies as °. Consequently, the first
integral in eq. (4.94) must tend to zero as the surface S becomes large. Hence, eq. (4.94)
reduces to

Wy = *%fm- VV) dv =%f{[}-E}aﬁ- (4.95)

v

andsince E = —VVand D = g E

J D-Edv = J g7 dv (4.96)
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Assignment

Derive the expression for the energy density in the
electrostatic field is given by




